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Continuum spacetime is expected to emerge via phase transition in discrete approaches to quan-
tum gravity. A promising example are tensorial and group field theories but their phase diagram
remains an open issue. The results of recent attempts in terms of the functional renormalization
group method remain inconclusive since they are restricted to truncations of low order.
We overcome this barrier with a local-potential approximation for U(1) tensor fields at arbitrary
rank r focusing on a specific class of so-called cyclic-melonic interactions. Projecting on constant
field configurations, we obtain the full set of renormalization-group flow equations. At large scales
we find equivalence with r − 1 dimensional O(N) scalar field theory in the large-N limit, modified
by a tensor-specific, relatively large anomalous dimension. As a consequence, in the large-volume
limit there is a non-Gaussian fixed point with special non-integer critical exponents for rank r = 4
but not else. However, on small scales we find equivalence with the corresponding scalar field theory
with vanishing dimension, thus no phase transition. This is confirmed by numerical analysis of the
full non-autonomous equations where we always find symmetry restoration.
The essential reason for this effect are isolated zero modes. This result should therefore be true
for tensor field theories on any compact domain and including any tensor-invariant interactions.
As a consequence, we expect that group field theory on a non-compact group will be necessary to
describe gravitational degrees of freedom in a quantum regime together with a phase transition to
continuum spacetime.
INTRODUCTION
In various approaches to a quantum theory of grav-
ity, continuum spacetime is expected to emerge from a
microscopic theory of discrete geometries in terms of a
phase transition [1, 2, 4]. A promising example for such
a quantum theory of fundamental geometric degrees of
freedom are tensorial and group field theories [5, 6]. Like
matrix models relate to two-dimensional gravity [7], such
theories of tensor fields of rank r generate discrete r-
dimensional geometries which converge to continuum ge-
ometries at criticality. It is thus crucial to understand
the theories’ phase structure.
The renormalization group is a useful tool to under-
stand how physical theories evolve along scales and allows
to chart their phase diagrams. In this way, important
first insights have been gained for tensorial field theo-
ries using the method of the functional renormalization
group (FRG) [8–11], first applied to discrete geometry
systems in Ref. [12]. First of all, the FRG equations are
non-autonomous [13]. This is a general consequence of an
external scale a in a theory. In tensorial theories, it comes
from isolated zero modes in the spectrum on a compact
domain of size a. The tensorial structure of interactions
leads to various combinations of zero-modes, and thus a
special kind of non-autonomous equations [13–15].
Various insights in the phase structure of tensorial field
theories have been gained which are based on truncations
of the theory space to low order [13–20], or apply to the
autonomous UV limit [21]. In these works one typically
finds non-Gaussian fixed points but due to the named
limitations these results need further verification. In ad-
dition, it has remained elusive so far to study the IR
properties of such theories. In particular, the question
has not been settled whether phase transitions and dif-
ferent phases can truly exist for such models.
Here we solve these puzzles establishing a local-
potential approximation (LPA′)1 restricting to cyclic-
melonic interactions at any order. Exploiting a projec-
tion to constant field configurations, we are for the first
time able to explicitly derive the non-autonomous equa-
tions for that potential at arbitrary rank, valid at all
scales. In the resulting flow equations for couplings at
any order of interaction the non-autonomous part fac-
torizes and can be resummed. Correspondence with the
1 In the usual FRG jargon, our approximation is an LPA′ meaning
that we consider also the flow of the anomalous dimension; it is,
however, not the full LPA′ of tensorial theories because of the
restriction to a specific class of interactions.
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2flow equations in O(N) scalar field theories on Euclidean
space [8, 22] allows then for precise results in the large-
and small-scale limits, only modified through a tensor-
specific flow of the anomalous dimension.
As a result we find that there is a non-Gaussian fixed
point only in the large-scale limit, and only for r = 4.
The scaling exponents at this point are altered by the
relatively large anomalous dimension. Flowing to smaller
scales this fixed point does not persist and we universally
find restoration of the global U(1) symmetry. Thus, there
is only the unbroken phase in our approximation, that is
no phase transitions. This is in accordance with results
on scalar field theory on compact spaces [23, 24] and with
our earlier work on mean-field approximation in group
field theory [25]. We argue that the isolated zero mode
due to the compactness of the field domain is the essen-
tial reason for symmetry restoration and conjecture that
this phenomenon applies to any compact domain and the
full theory space including arbitrary tensor-invariant in-
teractions.
FUNCTIONAL RENORMALIZATION GROUP IN
THE MELONIC POTENTIAL APPROXIMATION
In this work we consider tensorial field theories on the
group G = U(1) at any rank r ≥ 3. That is, the field is a
complex scalar φ : U(1)r → C. The field theory is defined
by generating functions Z or W in terms of an action S
and a measure on the space of field configurations DφDφ¯,
Z[J, J¯ ] ≡ eW [J,J¯] =
∫
DφDφ¯ e−S[φ,φ¯]+(J,φ)+(φ,J). (1)
where (φ, ψ) =
∫
dg φ¯(g)ψ(g) is the scalar product on
L2(Gr) using a dimensionful Haar measure
∫
dg = ar.
The volume scale a will be necessary for physically mean-
ingful rescaling of quantities. Furthermore, it allows to
consider the large-volume limit a → ∞ of the compact
manifold corresponding to the theory on Rr where an IR
regularization can be removed exactly by this limit [14].
For the functional renormalization group the natural
object to consider is the effective action, that is the Leg-
endre transform exchanging sources for the average field
ϕ(g) := 〈φ(g)〉 = δW [J¯,J]
δJ¯(g)
and respectively ϕ¯(g). Adding
an IR regulator Rk depending on the running scale k,
the effective average action a` la Wetterich is
Γk[ϕ, ϕ¯] = sup
J¯,J
{(ϕ, J)+(J, ϕ)−Wk[J¯ , J ]}−(ϕ,Rkϕ) (2)
and one can deduce the FRG equation [16, 26, 27]
k∂kΓk =
1
2
T¯r
[(
Γ
(2)
k +RkI2
)−1
k∂kRkI2
]
, (3)
with initial conditions Γk=Λ[ϕ, ϕ¯] = S[ϕ, ϕ¯] at the UV
scale Λ. Here Γ
(2)
k is the 2x2 Hessian matrix of Γk with
respect to ϕ, ϕ¯ and the trace T¯r sums over all field degrees
of freedom.
In this work we restrict to the theory space of cyclic-
melonic interactions. It is defined by the effective average
action
Γk[ϕ¯, ϕ] =
(
ϕ,
(−Zk∆ +m2k)ϕ)+ r∑
c=1
TrGVk(ϕ¯ ·cˆϕ) (4)
where −∆ = a−2C is the dimensionful Laplacian on Gr
in terms of the Casimir C, Zk is the wave-function renor-
malization parameter andmk is the coupling at quadratic
order. The potential is determined by the power series
Vk(z) =
∞∑
n=2
1
n!
λnz
n (5)
with k-dependent couplings λn for n ≥ 2.
Melonic interactions are those recursively constructed
by inserting a melonic operator (ϕ¯·cˆϕ) of colour c, defined
via its kernel
(ϕ¯ ·cˆ ϕ)(gc, hc) :=
∫ ∏
b 6=c
dgbϕ¯(g1...gc...gr)ϕ(g1...hc...gr) ,
(6)
into one of different colour (in the integral), or concate-
nating it with one of the same colour [3]. This construc-
tion can be mapped to rooted r-coloured trees [28]. The
cyclic-melonic interaction of colour c in Eq. (4) are those
build only from concatenations. In the tree description,
this corresponds to non-branching trees with all edges
coloured by c.
This approximation is less restrictive as it may seem
at first sight. It is true that already the quartic melonic
interaction generates any tensorial invariant since any bi-
partite edge-coloured graph occurs as the boundary of
a Feynman diagram with such quartic interactions [3].
Thus, the truncation to only cyclic-melonic interactions
ignores most interactions in the class of possible interac-
tions proliferating with the number of fields. But, on the
other hand, the cyclic-melonic interactions are known to
dominate the flow and provide the relevant directions in
the UV [18, 19, 21]. More importantly, this restriction
allows us in the first place to calculate the FRG flow
through all scales and to arbitrary order in the potential.
We will then see that the qualitative result of symmetry
restoration is independent of the details of the specific
interactions and should extend to the full tensorial po-
tential.
As common in the FRG method, we project to a con-
stant field configuration in direct space in the FRG equa-
tion. That is, after evaluating the second derivative Γ
(2)
k
we set ϕ(g) = χ. As a consequence, the entries of this
2x2 matrix can be written in terms of the first two deriva-
tives of the potential function V ′k(ρ) and V
′′
k (ρ) in terms
of ρ = a−rχ¯χ. We have already argued in earlier work on
3the mean-field approximation of group field theories [25]
that this is a meaningful approximation close to criti-
cal regimes where the correlation length is expected to
diverge.
Field projection and the specific cyclic-melonic po-
tential approximation allow us to explicitly derive the
full non-autonomous equations. Using the common opti-
mized regulator function [29]
Rk = Zk
(
k2 − a−2C) θ (k2 − a−2C) (7)
where θ is the Heaviside function, we can perform the
trace in the momentum space of U(1) representations and
find [30]
k∂kΓk
k2Zk
=
(
1− ηk
2
)( 1
k2Zk +m2k + rV
′
k(ρ) + 2ρV
′′
k (ρ)
+
1 + 2rv1Nk
k2Zk +m2k + rV
′
k(ρ)
+
r∑
s=2
(
r
s
)
2vsN
s
k
k2Zk +m2k + (r − s)V ′k(ρ)
)
+ r
ηk
2
(
2v3Nk
k2Zk +m2k + rV
′
k(ρ)
+
r∑
s=2
(
r − 1
s− 1
)
2vs+2N
s
k
k2Zk +m2k + (r − s)V ′k(ρ)
)
(8)
where the particular threshold functions vsN
s
k in the
dimensionless variable Nk = ak result from an in-
tegral approximation of the s-dimensional traces with
quadratic cutoff2, thus including the usual unit volume
vs = pi
s/2/Γ(1+s/2). The dependence on Zk is expressed
in terms of the anomalous dimension ηk ≡ −k∂k logZk.
As expected for a compact domain [23], the FRG equa-
tion is a non-autonomous ordinary differential equation
in the scale k. In particular there are contributions of
order Nsk for s = 0, 1, ..., r which are due to contribu-
tions of zero modes in r − s entries of the tensor field,
respectively.
The equations resemble FRG equations of an O(2)
model and we can specify this relation upon expanding in
the average field and rescaling. We obtain dimensionless
couplings λ˜n setting
λn = Z
n
k k
deff+(2−deff)na(1−n)deff λ˜n (9)
where a rescaling in the volume scale a of the group is
necessary since the scaling dimension, parametrized with
hindsight by an effective dimension deff, is not the same
as the canonical dimension [λn] = 2n in tensorial the-
ories [14]. Then, expanding the FRG equation around
ρ = 0 yields for n ≥ 1 flow equations for the dimension-
less couplings
k∂kλ˜n = ((n− 1)deff − 2n+ 2ηk)λ˜n + β
(2)
n (λ˜i) + 2β
(1)
n (λ˜i)Fr(Nk)
Ndeffk
− ηk
2
β
(2)
n (λ˜i) + 2β
(1)
n (λ˜i)(Fr(Nk)−Gr(Nk))
Ndeffk
(10)
where β
(1)
n are the series coefficients around ρ = 0 of the
function λ˜1 + V
′
k(ρ) with λ˜1 := 1 + m˜
2
k = 1 +m
2
k/(Zkk
2)
which depend on all λ˜i, i = 1, 2, ..., n + 1, at each or-
der n. The V ′′k -part of the full equations yields coeffi-
cients with a factor 2i− 1 for each λ˜i, that is β(2)n (λ˜i) :=
β
(1)
n ((2i−1)λ˜i). Furthermore, the non-autonomous struc-
ture results in polynomials
Fr =
1
2
+ 2rNk +
r−1∑
s=2
(
r − 1
s
)
vsN
s
k , (11)
2 We have also explicitly calculated the trace as a sum with sim-
plex and box cutoffs taking into account subleading orders in Nk
leading to the same qualitative results [30].
Gr = v3Nk +
r∑
s=1
(
r − 1
s− 1
)
(r − s)vs+2Nsk . (12)
Except for this additional dependence on Nk = ak, this
tower of flow equations, Eq. (10), is exactly the one of the
O(2)-invariant scalar field theory in deff dimensions. This
is to be expected since the tensor field is complex and the
action has a global U(1) ' O(2) symmetry. In the tenso-
rial theory, though, the dimension deff occurs merely as
a parameter which depends on the scale regime. Mean-
ing, it can be used to obtain approximately autonomous
equations in a given regime.
Another major difference to the O(2) model is the
anomalous dimension. The flow equation of the anoma-
4lous dimension derives from the quadratic order of field
expansion of the FRG equations Eq. (3) before constant-
field projection. Since there are propagating internal mo-
menta at one loop in tensorial field theory one expects
a significant contribution by the anomalous dimension.
Using the same threshold functions as above, we get [30]
ηk =
λ˜2(2Nk + vr−1Nr−1k )
2Ndk
(1+m˜2k)
2
r−1 − λ˜2
(
(pi − 1)2Nk − vr−1cr2(r−1)Nr−1k
)
(13)
which is similar to the comparable result in [14] but dif-
fers in the coefficient cr = r + 1− 2pi.
In the following, we will analyse the equations in the
asymptotic regimes of large and small k and probe the
intermediate regime numerically.
LARGE Nk: EQUIVALENCE TO O(N) MODELS
The large-Nk limit is physically interesting from two
perspectives. On a compact group G with fixed volume
scale a it is equivalent to the UV limit since Nk = ak.
Complementarily, it is also the large-volume limit corre-
sponding to the theory on Rr with thermodynamic limit
removing the IR regularization [14]. Indeed, sending
a → ∞ first, one obtains the same autonomous equa-
tions.
The rescaling dimension for the large-Nk regime is
deff = r − 1. This agrees with the scaling dimension
obtained from renormalization analysis [14], in partic-
ular with scalings obtained from perturbative and ex-
act renormalization group studies on tensorial field the-
ory [5, 31]. With this rescaling (and another trivial one
λ˜n 7→ λ˜n/√vr−1 absorbing the volume factor) we find
the large-Nk flow equations for n ≥ 1:
k∂kλ˜n = β
uv
n (λ˜i) = ((n− 1)(r − 1)− 2n+ 2ηk)λ˜n
+
(
2− cr
r + 1
ηk
)
β(1)n (λ˜i) . (14)
In this regime the expansion coefficient β
(2)
n does not oc-
cur. That is, only a first-derivative potential term V ′k in
the full expansion contributes, like in the large-N limit of
O(N) scalar field theory (whereN should not be confused
with Nk). Indeed, one can check that the flow equations
(14) are exactly the same as in that case [8, 9].
Thus we have the striking result that the UV limit,
or respectively the large-volume limit, of tensorial field
theory on U(1)r in the cyclic-melonic potential approx-
imation is equivalent to O(N) scalar field theory in
deff = r − 1 dimensions in the large-N limit.
Again, this equivalence holds only up to the anomalous
dimension expected to be relatively large in tensorial field
theory. Its flow equation for large Nk is
ηk =
2(r − 1)λ˜2
4√
vr−1
(1 + m˜2k)
2 + crλ˜2
. (15)
The crucial question is therefore whether the well-known
results of the large-N limit in O(N) theories directly
transfer to the large-Nk limit in tensorial theory or how
the specific ηk here alters the result.
The answer is: We indeed find a non-Gaussian fixed
point at rank r = deff + 1 = 4 but no such fixed point
for other ranks. To this end, we solve the system of
algebraic equations (15) and (14) for couplings up to
a maximal order n = nmax with vanishing derivative
on the left-hand side. For r = 3 and r = 5 we do
not find a fixed point which converges with increasing
nmax. For r = 4 there is convergence to a fixed point at
(m˜2k, λ˜2, λ˜3, ...) ≈ (−0.158, 0.0717, 0.00410, ...) (see Fig. 1
for a flow diagram). As expected, the anomalous dimen-
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FIG. 1. Flow diagram in m˜2-λ˜2-plane at λ˜3 ≈ 0.00410, ar-
rows pointing towards small k. The black dot marks the non-
Gaussian fixed point.
sion is relatively large at this point with ηk ≈ 0.3331. As
a consequence, we find new non-integer scaling exponents
(eigenvalues of the stability matrix −∂λ˜mβuvn )
θi ≈ 0.9938,−0.9969,−1.940,−3.063, ... (16)
which agree with the O(N) model result θi = 2i− 3 [32]
in sign (though they have lower absolute values). In this
sense it is a non-Gaussian fixed point of the same type as
the Wilson-Fisher fixed point in O(N) models. We show
the results for the exponents in Table I.
This result implies that in the large-volume limit there
is a phase transition captured by a non-Gaussian fixed
point, but only in r = 4. From the equivalence with
O(N) field theory one would expect phase transitions
with mean-field exponents for r = deff +1 > 5 [33]. How-
ever, on compact group the large-Nk equations are only
5TABLE I. Scaling exponents at the non-Gaussian fixed point in the large-Nk regime for r = deff +1 = 4 in (ϕ¯ϕ)
nmax truncation.
nmax θ10 θ9 θ8 θ7 θ6 θ5 θ4 θ3 θ2 θ1
6 -8.60191 -4.96075 -3.05311 -1.93694 -0.997853 0.993802
7 -10.6809 -6.66969 -4.38799 -3.05284 -1.94183 -0.996823 0.993816
8 -12.7922 -8.45742 -5.83647 -4.32286 -3.06545 -1.94032 -0.996897 0.993821
9 -14.9297 -10.3034 -7.37514 -5.63586 -4.35117 -3.06265 -1.94042 -0.996914 0.993820
10 -17.0889 -12.1962 -8.99169 -6.98560 -5.66996 -4.34840 -3.06264 -1.94046 -0.996909 0.993820
12 -12.4120 -9.86547 -8.29917 -7.00946 -5.67111 -4.34774 -3.06274 -1.94045 -0.996909 0.993820
14 -10.9866 -9.66638 -8.33866 -7.00317 -5.67170 -4.34771 -3.06274 -1.94045 -0.996909 0.993820
16 -11.0138 -9.66957 -8.33697 -7.00348 -5.67167 -4.34771 -3.06274 -1.94045 -0.996909 0.993820
valid for large k. Therefore, in the following we check
whether the phase structure associated with the non-
Gaussian fixed point survives under the flow down to
small k.
VANISHING DIMENSION AT SMALL SCALES
AND SYMMETRY RESTORATION
In the small-Nk limit the tensor theory becomes equiv-
alent to the O(2) scalar theory on Euclidean space with
vanishing dimension. That is, it is necessary to rescale
with effective dimension deff = 0 to obtain the au-
tonomous flow equations
k∂kλ˜n = −2nλ˜n + β(2)n (λ˜i) + β(1)n (λ˜i) . (17)
In particular, the equation for the anomalous dimension,
Eq. (13) trivializes to ηk = 0. Notably, the same result
occurs for a complex scalar field on the sphere [23, 24]. In
general, in less than two dimensions spontaneous break-
ing of continuous symmetries is disallowed [34]. There-
fore we find the same behaviour, in particular no phase
transition for the present non-local system on U(1)r ∼=
(S1)×r at small Nk. This is also nourished by previ-
ous works using mean-field arguments [25] as well as
FRG studies applied to tensorial and group field theo-
ries [13, 14, 16, 17], which, however, have remained in-
conclusive on this matter so far.
In fact, the non-Gaussian fixed point in the UV van-
ishes quickly under the flow as we confirm with numer-
ical calculations. To this aim, we solve the full non-
autonomous equations, Eq. (10), for the dimensionful
potential Uk(ρ) = m
2
kρ + rVk(ρ) from k = Λ to small
k. Starting with any potential which explicitly exhibits
spontaneous breaking of the global U(1) symmetry in
the UV, i.e. ρΛ 6= 0, we observe symmetry restoration at
some finite value of k. We exemplify this point for the
concrete case of a rank-4 TFT, however, the same holds
true for any rank r. The flow of the dimensionful po-
tential in the nmax = 4 truncation is reported in Figs. 2;
flows of and m2k in both phases in the large-volume limit
are contrasted with the flow in the compact case with
same initial conditions in Fig. 3.
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FIG. 2. The flow of the dimensionful potential Uk = m
2
kρ +
rVk(ρ) in the nmax = 4 truncation at k = 5, 75, 90, 100 with
a = 1 for initial conditions at Λ = 100 close to the UV non-
Gaussian fixed point in that truncation: Z(Λ) = 1, m2(Λ) =
−0.158578Λ2, λ2(Λ) = 0.071770Λ, λ3(Λ) = 0.004125 and
λ4(Λ) = −0.000087Λ−1.
Let us emphasize that the reason for symmetry restora-
tion is very universal and extends far beyond our melonic
truncation. The source for symmetry restoration are the
zero modes in the spectrum of the theory. It is the r-
fold zero mode which leads to the constant term in the
non-autonomous part Fr in the flow equations, Eq. (10).
This lowest-order term dominates in the limit k → 0
and demands a scaling of the couplings with dimension
deff = 0. This mechanism is independent of the com-
binatorial structure of the interactions. It relies simply
on the compact domain of the fields which is in agree-
ment with the general lore that there are no true phase
transitions in systems of finite size [35, 36]. Though we
have illustrated the phenomenon here with the example
of a cyclic-melonic potential approximation at arbitrary
order, we therefore expect symmetry restoration for the
full potential of any tensorial theories with discrete spec-
tra containing isolated zero modes.
65 10 50 100
k0.001
0.010
0.100
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10
100
1000
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FIG. 3. Flow of the modulus of m2(k) in the nmax = 4 trunca-
tion for: (I) the system of non-autonomous β-functions (10)
with a = 1 (dashed lines) and (II) the set of autonomous
β-functions in the large-volume limit (14) (continuous lines).
Initial conditions are the same as in Fig. 2 except for m2(Λ) =
−0.15Λ2 (red) and m2(Λ) = −0.16Λ2 (blue).
CONCLUSIONS
Our main result is that there are no phase transitions
between a broken and unbroken phase of the global U(1)
symmetry in tensorial field theory on U(1)r at any rank r
in the cyclic-melonic potential approximation. Thereby,
we have performed for the first time a local-potential ap-
proximation at any order in tensorial theories. We have
argued that this result essentially relies on the isolated
zero mode in the spectrum. On this ground we conjec-
ture that this result extends to tensorial theories with
any tensor-invariant interactions, on any compact group
G. In the large-volume limit corresponding to the theory
on Rr there is a non-Gaussian fixed point only for rank
r = 4, based on the equivalence with r − 1 dimensional
O(N) models. One might take this equivalence as a hint
for a new type of examples of holographic duality [37, 38]
since rank-r tensorial theories are related to gravitational
theories in r spacetime dimensions.
More realistic models of quantum gravity should there-
fore be defined on non-compact groups to open the room
for a phase transition to continuum spacetime. It remains
to be checked how our result of a universal symmetry
restoration transfers to group field theories characterized
by a closure constraint [6], models with an additional
gravitational (Holst-Plebanski) constraint [39], as well as
models with an additional matter reference frame [40]
reminiscent of SYK models [41]. But one would assume
that the zero-mode effect persists in such models as well.
Only if the tensorial degrees of freedom are not dynamic
as in actual SYK-type models [42] the zero-mode effect
would be absent. It is therefore of interest to study the
FRG of such models. Still, in models with dynamical
tensorial degrees of freedom which are the ones related
to quantum gravity, the obvious way out is to consider
models on non-compact groups. For a physical theory of
gravity it might be necessary anyway, as holonomies in
gravity are captured by the Lorentzian group which, in
particular, covers the causal structure of spacetime.
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